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On Mobility and Einstein Relation for Tracers
in Time-Mixing Random Environments
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In this paper we rigorously establish the existence of the mobility coefficient
for a tagged particle in a simple symmetric exclusion process with adsorp-
tion/desorption of particles, in a presence of an external force field interact-
ing with the particle. The proof is obtained using a perturbative argument. In
addition, we show that, for a constant external field, the mobility of a parti-
cle equals to the self-diffusivity coefficient, the so-called Einstein relation. The
method can be applied to any system where the environment has a Markov-
ian evolution with a fast convergence to equilibrium (spectral gap property). In
this context we find a necessary relation between forward and backward veloc-
ity for the validity of the Einstein relation. This relation is always satisfied by
reversible systems. We provide an example of a non-reversible system, where
the Einstein relation is valid.

KEY WORDS: Diffusion; mobility; Einstein relation.

1. INTRODUCTION

In his celebrated paper on a Brownian motion (cf. ref. 5) Einstein estab-
lished a linear relation between the mobility o and the diffusivity D of a
Brownian particle. The diffusivity of a Brownian particle is defined as

Dt=E|X(t)]%.
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The mobility o is defined in the following way. Suppose that an exterior
uniform force field E is applied to the particle, then, in the corresponding
stationary state, the particle will have a velocity v(E) corresponding to the
value E of the field. The limit

V(E)|
im =
[El—-0+ |E]

(1.2)

defines the mobility. The Einstein relation says that o =D, where 8~ =
kgT, T being the temperature of the environment fluid, and kg is the
Boltzmann constant. A heuristic derivation of this relation can be found
in Section 8.8 of ref. 15.

A rigorous derivation of Einstein relation from a purely mechani-
cal system is quite a difficult open problem. It is natural to look first at
those models where the convergence to Brownian motion (of the rescaled
path) is known, like for certain tracer dynamics in stochastic environments
(cf. references at the end of chapter 8§ in ref. 15). For a different approach
concerning weak perturbation of the dynamics see ref. 9.

The main difficulty one finds when trying to prove an Einstein rela-
tion, lies in establishing the existence of a stationary state and have good
properties of relaxation to this stationary state of the dynamics (cf. ref. 3
for a negative result on a deterministic Hamiltonian dynamics of interact-
ing particles).

In a recent paper (cf. ref. 12) M. Loulakis considered this problem
for a tagged particle in the symmetric simple exclusion in dimension 3 or
higher. In this model the environment dynamics, even though stochastic,
slowly converges to an equilibrium, because of the conservation law of the
number of particles. Remarkably Loulakis, without proving the existence
of a unique stationary state nor the existence of the effective velocity, was
able to prove a form of the Einstein relation.

In this paper we consider systems whose environment dynamics have
very good properties of relaxation to equilibrium (essentially they are
Markovian with a unique invariant measure, and with a gap in the spec-
trum of the generator). A simple example of a system of this type is pro-
vided by the symmetric simple exclusion with creation and destruction of
particles. A perturbative argument permits then to prove, see Theorem 2.2,
for perturbations not too big with respect to the gap of the spectrum of
the generator, the existence of a stationary state that is absolutely contin-
uous with respect to the equilibrium state. In addition we obtain exponen-
tially fast in time relaxation to this stationary state, i.e. the stationary state
is stable in the sense of (2.19). The method allows in principle to compute
all terms of the perturbative expansion of the effective velocity.
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Once these properties of the stationary state of the perturbed system
are established, one can study the mobility for a tracer particle in the fol-
lowing fashion. For simplicity we restrict ourselves, to the one-dimensional
case (the detailed argument is exposed in Section 4.3). In the unperturbed
system, the position x; at time ¢ of the tracer is given by an additive func-
tional of {&}ogs<:, the (unperturbed) environment dynamic as seen from
the tracer. Typically this functional is antisymmetric with respect to time
inversion (cf. ref. 4) and can be written in the standard decomposition
form:

= / (&) ds+M,, (13)
0

where M, is a square integrable martingale with respect to the filtration
generated by {&/},>0.

We denote by u the stationary measure for the unperturbed environ-
ment dynamics. The function ¢ appearing in (1.3) is usually called the
mean forward velocity and we assume it belongs to L?(x) and has null u
average. It has the property

1
lim By (3 f o) = / vfdu (1.4)

for any feL?(w).
The mean backward velocity is defined by

1
lim "B (e (60) =~ / V¥ Fdu. (1.5)

We assume that * exists in L?(x) and has null 4 average. Observe that
if u is reversible, by the antisymmetry of x, for time reversal, we have ¥ =
vr.

The asymptotic variance of the tracer is then given by

1 o0
D= lim -E, (x,z):EM(Mf)—z/O B, [y*GovE)] dr.  (1.6)

t—o00 t

The assumptions made about the dynamics are more than sufficient to
establish the existence of this limit and the convergence of the integral on
the right-hand side of (1.6).

One can now perturb the dynamics by applying a uniform external
field of strength o on the tracer. This can be done on the level of the path
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measure by a Girsanov transformation (in the spirit of ref. 9). Because of
the good properties of the stationary state u, of the perturbed dynam-
ics, there will exists an asymptotic velocity for the position of the tracer
defined as

o

LX)
Iim — =v(x)
t—oo t

and it turns out that the mobility is given by

o = lim 2 =D+/0 Eu {[v7"(50) — ¥ (€0l (€} dt (1.7

a—>0 o

so the Einstein relation is valid if and only if the second term on the right-
hand side of (1.7) is null.

In reversible systems (i.e. if u satisfies a detailed balance condition)
we always have ¢ =v*. In the example 4.3 below we show a non-revers-
ible system where ¥ =y *.

We have chosen to expose the method first in the concrete example of
the symmetric simple exclusion with creation and annihilation (Sections 2
and 3), while the general case and some more examples are treated in Sec-
tion 4.

The one dimensional nearest-neighbor case for the exclusion with cre-
ation-annihilation was treated in ref. 1, where a mean field approximate
solution is proposed.

2. SYMMETRIC SIMPLE EXCLUSION PROCESS WITH
ADSORPTION/DESORPTION

This process can be informally described as follows. Suppose that p(-)
is a finite range probability measure on Z? such that p(—x)=p(x). Let K
be such that p(x) =0 for |x| > K, and Sp:=[erd:p(x) > 0] and pg:=
inf[p(x): x € S,] > 0. We assume that S, generates all Z¢. Consider now
an initial configuration of particles. A particle in the site x, independently
of the other particles, waits for an exponential time of intensity p(x —y)
and attempts a jump to the site y. If the site y is already occupied by
another particle the jump is suppressed. Also each particle can disappear
with intensity p €[0, 1] and in each empty site can be created with inten-
sity 1 —p.

A natural state space for the process is 2 ={0, I}Zd. It consists of all
possible configurations n € £2, n(x)=0, or 1 depending on whether the site
xeZ4 is occupied, or not.



On Mobility and Einstein Relation for Tracers 41

One can show, see Theorem 3.9 p. 27 of ref. 10, that such a stochas-
tic process 7y, t >0 can be well defined from each initial configuration 7.
A standard procedure consists in constructing the Cp-semigroup (P");>0
on C(82), the space of continuous functions on §2. The class C of local
functions, i.e. functions depending on finitely many sites, is a core of the
generator L of (P');>o and

Lf(ﬁ) = Ljumpf(g) +Ladf(§)
= > py =)A= 0™ = f(n)

X,y

+) [ =n@)+ A=) = FO). Q21

Here

n(z), if z¢&{x,y},
()= 1), if z=ux, (2.2)
n(x), if z=y.

The configuration n* is defined by

Xy ) @), if z#x,
m @)= { 1—n(), if z=x. (2.3)

A simple calculation shows that the product measure v, :=&),« B(p),
where B(p) is the Bernoulli measure with success probability p, is a
unique invariant and ergodic measure for the process. Since the genera-
tor L is symmetric with respect to v,, this measure is reversible. The semi-
group (P');>o extends to a semigroup of self-adjoint operators on L2(vp),
which with some abuse of notation we denote by the same symbol. This
semigroup possesses a spectral gap Ao >0, i.c.

1P Flli2e,) <e ™ NIfll2,, forall £, st. f fdv,=0. (2.4

One can easily see that Ag>1. In fact, 1 is the spectral gap for the cre-
ation and annihilation part L,; of the generator, and the jump part can
only increase this gap.
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2.1. Tagged Particle Process

We start now with an initial configuration where there is a special
particle in the position 0 and we tag it. Let us denote its position at
time ¢ by x;. Furthermore, we assume that the tagged particle cannot be
absorbed.

The environment process (&), is defined on a slightly modified state
space £2:={0, 1}21’ where Zﬁf =7\ {0}, via & (x):=mn;(x +x,). It describes
the environment “as seen from the tagged particle”. The generator £y of
the process can be written on local functions as follows, cf. pp. 278-279 of
ref. 11

Lof ) = Ljumpf &)+ Laa f €)+ L f ()
— 1 Xy
=3 2 PN E) — f®)

x,y#0

+Z[P(1 =60+ A =pE@]f(E) = (&)
x#0

+ZP(X)(1 —E))(f(2c8) — f(§)). (2.5)
x#£0

Here we have defined

E(z+x), if z#—x,

txg(Z):{E(x), if z=—x.

The following result holds.

Proposition 2.1. u(-) :==v,(-|£€(0) =1) is an ergodic, invariant and
reversible measure for the environment process (£/),>¢. Its transition of
probability semigroup (Q");>o extends to a Co-semigroup of self-adjoint
operators on L*(u). The Dirichlet form associated with this process is
given by

D(f):=—(Lof, )12 =Do(f) + Daa(f) +De (), (2.6)

and

1
Do(f): = =(Lof. Dizgy=7 D PO=%) f [FEY) = fEPr@E),
x,y#0

Duh) = pl=p) Y [17€) - F@Putas). @7
x7#0
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D:(f):=—(L f, AYEI:
1
=32 00 [A-glr@s - F@Puia@s). fec

x#0
(2.8)
It satisfies the spectral gap estimate
D)2 hol fl72 Y €CNLIG), (2.9)

where ¢ is the same as in (2.4) and L(Z)(,u)::[feLz(,u):ffd,uzO].

Proof. The proof of the above proposition is standard. The cal-
culation that w is an invariant and reversible measure is essentially the
same as the one presented in Lemma 2.1 of ref. 7. The spectral gap
estimate for L,; part of the generator, cf. (2.1), implies the spectral
gap estimate (2.9), which in turn implies ergodicity of . The formu-
las for the quadratic forms Dy(-), Dyq(-), D.(-) are obtained by a direct
calculation. |

The I-direction coordinate of the position of the particle can be rep-
resented by a jump process

st 2

t
5= 0 S = [ 6 s+ M,
0

where

YE =) z2p@1—£@) (2.10)

ze74

and (Mtl)t>0 is a cadlag martingale w.r.t. the natural filtration of & whose
quadratic variation equals

t

(M), = / Y @)’ pR) (1 —&(2))ds.

0

Since

/Wl(é)u(dé)=0 (2.11)
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for each 1€ R it follows from a straightforward application of the ergodic
theorem that the Stokes drift of the particle

vi= lim 2, as. (2.12)

t——+4o00

equals zero. Also, due to the presence of the spectral gap for the tagged
particle dynamics, one easily concludes, see e.g. ref. 6, that the laws x;/+/f
converge to a normal law N (0, £,). X, =[%Zx ], called the self-diffusivity
matrix of the environment, is given by

Zi=(1—p)Do—2D4(p), (2.13)

where DO:[Dék’l)] with

k,l
DgY =" pxix
X

is the co-variance matrix of the random walk with transition of probabil-
ities p(-) and D (p) =[D,£k’l)(,o)] can be calculated as follows. Thanks to
(2.9) for each k=1,...,d there exists a unique x; satisfying

—Loxxk=1Yx and kadM=0~

Here vy :=1,,, with e;:=(0,...,1,...,0). We have
[ ——

k—th position
DY (0) = (e, X0 12 - (2.14)

2.2. Tagged Particle in the Presence of an External Field

We modify now the jump rates of the tagged particle. They will
depend on a positive parameter & small enough and we denote them by
p(x; @). We assume that p(x; @) depends smoothly on « and that p(x;0)=
p(x). We are particularly interested in the case p(x;«a)=p(x)exp{al-x},
with 1€ R? and of length 1. This choice corresponds to a pertur-
bation given by an external field of strength o in the direction 1,
ref. 12.

Since we are concerned only in the first order effects in «, we can lin-
earize p(x;«) and with no loss of generality assume that it is of the form



On Mobility and Einstein Relation for Tracers 415

p(x) +al(x) where £:Z¢ — R is such that p(x) + af(x) >0. We assume
furthermore that the support of £(-) is contained in the support of p(-)
(which, as we recall, is finite).

Define the operator

Ag(&) = (1 —£))L(x) [g(1:&) — g(®)]. (2.15)

X

A standard theory of Markov process, modifying slightly the approach
taken in Chapter 1 of ref. 10, guarantees that the operator

Lo=Lo+aA (2.16)

gives rise to a Markov process ( ,(a)> 20 €R whose generator restricted
[

to C equals L,.

Now, in general, u is not an invariant measure for é,(a) when « #0.
Let (Q!):>0 be the transition of probability semigroup that corresponds
to é,(“), t >0. Our first result concerning the existence of an invariant mea-
sure for this process can be stated as follows.

Theorem 2.2. There is a> 0 such that for any 0<|«| <o the fol-
lowing statements are true.
(1) There exists a unique invariant measure v, for (Sf‘”) - that is abso-

>4

lutely continuous w.r.t. u.
(2) Let fy:=dvy/du. Then, f, >0, w-a.s. In addition, there exist g, €
L?(u), n>1, such that

||gn||Lz(u)<Maa", Vn>1 (2.17)

for some M >0 and
+o00
fa=14) a"gy. (2.18)
n=lI

(3) Suppose that the distribution of f;‘éa) possesses a square integrable
density go w.r.t. the unperturbed equilibrium measure u. Denote by g;
the respective density of the law of &‘l(“). Then, there exists A > 0 such

that

lgr = fall 2y <180 — full e ¥1>0. (2.19)
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Let P“# denote the path measure on D([0, +00); £2) corresponding to
the process with the generator £, and the initial distribution u. By the
ergodic theorem we conclude that

(@) ::t_ljl_zloo%zftﬂ(“)@)va(dé), PUE g, (2.20)

where

Y@ @)= 2[p) +al@][1 —£@)].

Our next result is concerned with the asymptotic of v(«) for small «. We
let

¢e(§):=) [L() — (=]l —£@)].

Theorem 2.3. (Einstein’s relation) The following asymptotic equal-
ity holds for o « 1

v (o) = |:(1 —-p) szﬂ(z) —(¢¢, Xk)Lz(mi| a+o(), k=1,...,d.

(2.21)

In the particular case when £(z) =1-zp(z) we have ¢, =2¢ -1 and we
obtain

v(a)=aXd+o(a), (2.22)

where X, is given by (2.13).
The proofs of Theorems 2.2 and 2.3 are given in Section 3.

Remark 2.4. (2.21) implies that Einstein’s relation is valid only for
particular perturbations, e.g. for the external constant field. In addition,
even a mean zero perturbation £(-), i.e. ) _z£(z) =0, can cause the par-
ticle to pick up a non-zero drift. This can be seen in the following simple
example.



On Mobility and Einstein Relation for Tracers 417

Let d =1, n>2 that we will choose large enough, and p(£l,«a) =
1/2+an, p(£n,a)=1/(2n%) F«, and of course we take small perturba-
tions |a| <1/(2n?) . Then, the functional v defined in (2.10) is given by
Vv ()=1/2A()+1/(2n)B(§), where

AE)=&(-1D—&1) and B(E)=§&(—n)—&m)
and x =1/2xa+1/(2n)xp. Here xa, xB are zero mean solutions of the
Poisson equations —Loxs = A, —Loxs = B. Since IBllL2) = 1Al 200 =
v2p(1—p) the norms [xall;2¢,), | xBll 2, can be bounded from above
by +/2p(1 — p). On the other hand, here we have £(n)=—£¢(—n)=1, £(1)=

—L0(—1)=—n, £(z) =0 if otherwise. We have ¢, =2nA — 2B. For a suffi-
ciently small ¢ we have, according to (2.21),

1
v(e)/a~—(e, X) 2 = —1(A, XA) 20+ ;(Ba XB) 12(u)- (2.23)

Now (B, xB) 12, is bounded from above by 2p(1 — p), while it is not diffi-
cult to prove that there exists a constant C independent from n and p such
that

(A, XA) 20 = (A, (—Lo) "' A) = Cp(1 - p). (2.24)

Indeed, to prove the lower bound (2.24) we use the variational expres-
sion

(A, (—L0)" A)2(,) =sup{2(A, ¢) — D(p)}, (2.25)
¢

where D is defined by (2.6). Let ¢ = AA, A > 0 is to be appropri-
ately selected later on. A straightforward direct calculations produce, cf.
2.7)-(2.8), Do(A) = (1 +2/n2)p(1 = p), Dua(A) =2p(1 — p) and D (A) =
p(1= p)(14p+2n~2). Thus,

4
DA)=p(l —p) <4+—2+p).
n
According to (2.25)

4
(A Xa)p2q0) = 2k (1 = p) = 22p(1 = p) <4+ o +p> :
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Choosing A > 0 sufficiently small we can guarantee the bound on the
utmost right-hand side of (2.24). Observe that the effective velocity is
negative. We can understand this fact in the following way. If the long
jumps of length n were not present, the effect of the perturbation would
be to give the particle a positive effective velocity. This effective veloc-
ity would be, in the first order in «, equal to the velocity of the parti-
cle without other particles present (p =0), minus the autocorrelation term
(¢¢, x) which represent the slowing down due to the blocking caused by
the other particles. This blocking is due to the correlations of the station-
ary state: the tagged particle finds a higher density at its right than at its
left. Now, if the jumps of order n are allowed and the density of other
particles is zero the tagged particle will have a null effective velocity, but
with other particles at hand, the blocking effect will be still present and
many of the short jumps to the right will be suppressed. This does not
happen for the long jumps to the left, because of the fast decay of cor-
relations of the stationary measure, so that the global effect is a negative
velocity.

3. THE PROOFS OF THEOREMS 2.2 AND 2.3
3.1. The Proof of Parts (1) and (2) of Theorem 2.2
3.1.1. The Existence of an Invariant Density

We make an Ansatz concerning the form of the invariant density.
We shall be looking for the formal solution of the Fokker-Planck equa-
tion

[.:;f(x:() (31)

among the elements of L2(u) of the form (2.18). (3.1) leads to a recursive
relation on g, (recall that £ is self-adjoint)

—A*"1="Log1, (3.2)
~A*gn=Lognt1, n=1. (3.3)

A simple calculation shows that

ATLE) = —¢e ().

Since the left-hand side of (3.2) is centered it has a unique solution g;
satisfying [ g1 du=0. By induction we conclude that if g, has been con-
structed in such a way that [ g, du=0 then clearly also [ A*g,du=0 and
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one can find a unique g,4+; satisfying (3.3) that is centered. In addition,
the spectral gap estimate allows us to write

(&n, Agn+1)L2(M) =—(Logn+1, gn+l)L2(H) Z hollgn+1 ”iz(u)' (3.4)

On the other hand we have the following.

Lemma 3.1. There exists a constant C depending only on p and ¢,
such that

(fo AR 1200 | S CllLf 20 D (9). 3.5

here f, g are local functions.

Proof. Since there exists a constant C such that [£(x)|/p(x) < C/~/2,
the left-hand side of (3.5) can be estimated by

1/2

1
—=Cllfl2g0 | D P& / [1—£)]Ig(1:8) — g (&) u(dE)
ﬁ X€ES)

=Cl £ 124Dy *(@) <ClIfll 24D (8)

and (3.5) follows. 1

Continuing with the proof of Theorem 2.2 we note that (3.4) and
(3.5) together imply that

Clignll 2P *(gn+1) = D(gns1)

and in consequence

1/2
Cllgnll 20 = D (gneD) = a2 lgnst 2. ¥ =1 (3.6)

(3.6) clearly implies (2.17) for a suitable choice of «y. Note that for « as
the statement of the theorem the series given on the right-hand side of
(2.18) converges in L*(u). The proof that f, is not only a formal but also
the “true” solution to the Fokker-Planck equation shall be presented after
the proof of Lemma 3.2 below.
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3.1.2. Positivity

First we show that f, must be nonnegative. Denote by f.;F, f.
the positive and negative parts of f,. Suppose that they are both non-
trivial. Then fi := f5 /I Iy f- = fo /I fa 1 should also be
invariant densities. Indeed, to see the above it suffices only to show
that

[ tasidn= [ Qs du (3.7

for all AeB(£2) and 7 >0. Since f,F > fy, the positivity of Q! implies that
for any A eB(2) we have Q' 1,4 f,;F > Q14 fu, hence

/ O fidp> / 0! fudpt = / s fodi. (3.8)

Let A,:= suppf, and Ae€B(£2). Using the fact that Q!, is monotone we
have Q14> Q! (14n4,) and therefore

t + t + 38 +
/QalAfa du>an<1AnA*)fa dn'> /1A1A*.fadu=f1Afa du.
(3.9)

The inequality in (3.9) can be in fact strengthen to an equality. Indeed,
from (3.9) applied to A° we have [ Q! 1acf; du> [14cf;f di and since
Q'1=1 these facts together of course imply [ Q! 14 f;F du=[14f;F du for
all A€ B(£2), which proves that f; is invariant. The invariance of f, can
be shown in an identical fashion. The above argument shows that £} f1 =
0. On the other hand, thanks to the uniqueness result on the solutions of
the Fokker—Planck equation (see Lemma 3.2 below), we must have f_ =
f+, which leads to a contradiction.

We proceed with the proof of strict positivity. Let A, :=supp f,. We
have u(Ay4) >0 and suppose that AS:=£2\ A, is of positive u-probability.
Then,

(QZIA;, fa)LZ(M) :0 for all t 2 0 (310)

Denote by P*" the path measure on D([0, +00); £2) associated to the
process with the generator £, and the initial configuration 5. Since the
processes corresponding to different values of « have the same allowed
jumps the path measures P*” and P%” are equivalent when considered
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over D([0,T]; £2) for each T >0, see e.g. ref. 8, p. 326. Using this nota-
tion we can recast (3.10) in the form

[ | [ 1xcanz=rae]| nouan=o G.11)
(3.11) in turn implies that

/lAg(E(t))]P’“’”(dE)=flAg(E(t))]P’O’"(dS)=0

for all ne A,. Hence,

(P Lae, 14,) 20 = / [ / IA;-(s(t))PO’”(dS)} w(dm =0

so P'1,c <14¢. By reversibility we also get P14, <1u4,. These two condi-
tions however contradict ergodicity of w.

3.1.3. Uniqueness of an Invariant Measure

We prove the following lemma.

Lemma 3.2. The operator K :=L ! A* is well defined on the space
Co of zero w-average local functions. It extends to a bounded operator
K:L%(u) — L%(u) and there exists a9 >0 such that / +«K is a linear iso-
morphism of L3(u) for |o| <. Moreover,

I +cxK)f=£61g, for some g EL%([L) 3.12)
iff feD(LY) and
Cif=g. (3.13)

Proof. Let f € Cy. Substituting g =1 in (3.5) we conclude that
J A*fdu=0, hence A*f belongs to the range of L. Indeed, thanks to
the spectral gap condition we can always write £, T f=— fooo Q' A* f dt.
Furthermore, for any geL%(u) we have

(Lo A f.8) 120 | = 1A £ L5 @) 1200 | SCILf Il 20 DALy )

_ 1/2 C
=CllfllL2¢) ((—Lo) 1g,g)L/2(M) < J_A—Ol|f||L2(/L)||g||L2(ﬂ)
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and boundedness of K follows. The fact that / +«K is a linear isomor-
phism for a sufficiently small « can be concluded via a standard pertur-
bation argument. Note also that for any 7 €Cy we have

(T +aK) f.h) 2= (L5 Lo D) 12, (3.14)
Suppose now that (3.12) holds. Then, for any h €Cy we have

(fs Lah) 2 = (fs Loh+aAR) 12, = (T +aK) f, Loh) 2, (3.15)
= (Ly'8. Loh) 2y = (8. 1) 12,

which implies that f € D(L}) and (3.13) holds (recall that f e D(L}) iff
the linear functional g+ (f, Log)2(,) extends in a bounded way to entire

L (w)).
The converse follows from the fact that (3.13) implies
(g h)L2(u) = (L;f, h)L2(,L) =(f, Loh +01-Ah)L2(M) (3.16)
3.14
C2Y (T +ak) f Loy 2. YhECH. N
We shall finish the proof that f, constructed in the existence part of

the proof satisfies the Fokker—Planck equation. Let f, = f, —1. It is ele-
mentary to observe from the construction of f, that

(I +aK) fo=—aly A1

hence according to Lemma 3.2, we have f, € D(L}) and (3.1) holds. |

3.2. The Proof of Part (3) of Theorem 2.2

It suffices to show inequality (2.19) under the assumption that g€
D(Ly+ aA*). Then, obviously g, € D(Ly+ a.A*) and, thanks to the fact
that A* is bounded we can estimate

d
T8 = full g =2(Lo+ A (@ = fu), & = fu) 12

= _2D(gt — Jfa) ~|—C((.A*(g; —fa), 8 — fot)LZ(M)

29 ~12
< 2D(gr — fu) + g Pl AIDY2 (g — fudllg — faull 20

(2.9)

Ca Ca
< - (2_ W) D(gr — fa) <—Xo <2— W) llg: _f“”iz(u)'
0 0
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When go= f, and |a| < 2k(1)/ 2 /C the conclusion follows from a standard

application of Gronwall’s inequality.

3.3. The Proof of Theorem 2.3

Note that according to (2.20) and (2.18) the k-th component of the
particle’s Stokes drift v(«) equals, up to a term of order o(1),

(1=p) > zal(2) + (g1, a¥i) 12

W 1-p) Y ual@ —a(A1, L5 ¥ 2,
Z

=(1-p) Z 2kl (z) —a(be, xi) 120
Zz
and (2.21) follows.

4. A GENERAL MODEL AND SOME MORE EXAMPLES

In the previous section we have applied the perturbative approach
to the exclusion model with adsorption—desorption of particles. We will
describe here a more general set-up for Theorems 2.2 and 2.3. In partic-
ular we will discuss the role of reversibility. Some of the ideas exposed in
this section are inspired by refs. 9 and 13.

4.1. Environment Dynamics

Let £2 be a Polish metric space of the environment configurations. We
consider then an $2-valued, cadlag Markov process (&);>0 and suppose
that

R) u is an invariant, ergodic measure for this process, i.e. the correspond-
ing L%(u)-transition probability semigroup Q' :L%*(u) — L%(u), t >0
satisfy

Q" fi D2y =(f V2. YFeL* (). 120 4.1)
and Q' f=f for all t >0 iff f is constant. This semigroup is Co-con-
tinuous and we denote by Lo: D(Lo) — L?(n) its generator.

Observe that we do not assume that this generator is symmetric in L(1).
We denote by E,(f, 8)=(—Lof, 82, the corresponding Dirichlet form
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(in general non-symmetric) defined for appropriate f,g € D(Eg,) — the
domain of the form.

SG) The semigroup (Q");>o satisfies the spectral gap condition, i.e. there
exists Ao >0, such that

ol 1320 SEco(f )y Y f €DE) NLF(1). 4.2)

4.2. Perturbations and the Existence of a Steady State

We suppose that for a given «, (st(a))f20 is another £2-valued, cadlag,
Markov process. Let Q! : By(£2) = By (£2), t >0 be its corresponding tran-
sition of probability. Here By(§2) denotes the space of all bounded and
measurable functions. Note that we do not require this semigroup to be
Cop-continuous.

We assume that

C) there exists C, a linear subspace of By(£2), containing 1 that is a core
of both £y and Lj, the adjoint operator to Lo w.r.t. the scalar product
Gy ) 2. In addition, we assume that there exists a certain o >0 for
which Q',(C) CC for all >0, |o|<a; and (Q,f — f)/t tends L?(u)-
weakly to Ly f, as t — 0+ for all feC.

SC) The operator L4 :C— L?>() can be written in the form
Lof=Lof+aAsf, feC, (4.3)

where both A, and A} are operators that satisfy the sector condition
in the following sense

1/2 * 1/2
(- Aag) 20| SCEL @ DN F 2 1 AL 20| SCEL @ O 1120

for all f, geC and some C > 0.

In particular SC) implies that A, is closable and D(Ly) C D(Ay). In what
follows we denote the closure of .4, by the same symbol.

Let gi“) be the unique p-zero mean solution of the equation -
AXl = ﬁégf“). The existence and uniqueness of such a gla) follows
easily from the fact that L is a generator of the dual semigroup
(OH*, t >0 in L?>(u) which also satisfies the spectral gap condition
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with the same constant Ag. We assume the following continuity condi-
tion:

P lim g =g, :=¢©.
) a—>0gl 81:=8;

The following result concerning the existence of a steady state for the pro-
cess, that is absolutely continuous with respect to u, can be obtained using
essentially the same argument (with some trivial adjustments due to non-
symmetry of Lj) as the one in the proof of Theorem 2.2.

Theorem 4.1. Under the assumptions R), SG), C), SC) and P) there
exists ap >0 such that for any |o| <« there is a unique invariant measure
Ve for (g,‘“))t>o that is absolutely continuous w.r.t. u. Let fy :=dv,/du.
Then, f, €L*(1) and there exist g, :[—ao, @o] = L?(i), n>1, such that

185 | 2 < Meg™, ¥Yn>1, |al<ag (4.4)

for some M independent of «, n and
+00
fa=1+) a"g\®. (4.5)
n=1

Moreover, part (3) of the statement of Theorem 2.2 holds also in this case.

Observe that, since gi“) is the solution of the equation A%l =

—L3g,”, we have [ Aqgdn=_Ec,(e1”, 8",

4.3. Tracer Dynamics

Let us first consider the unperturbed case. The position of the tracer
is usually given by an additive functional x; = (x1,,...,X4,s) eR? of the
environment process (&);>0. With no change to the argument we could
admit x, € Z¢. We assume that

T-1 there exists a vector valued function ¥ = (¥,...,¥q) with ¥, €
L*(w), p=1,...,d (the so-called mean forward velocity) with null
u-average, such that

t

th/W(és)dS‘f‘Mt: (4-6)

0
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T-2

T-3

T-4

Komorowski and Olla

where (M;);>0 is a square integrable vector valued martingale with
respect to the natural filtration of the process (&);»0 satisfying
My=0.

the joint quadratic variation of the vector martingale (M;),>¢ is given
by

t

(M. M) = / 0q (&) ds. @.7)
0

Since the martingale is square integrable we must have 6, , € L' (1).
The RY x £2-valued joint process (x;, £)r>0 is Markovian and denote
its generator by £o.

x; is an anti-symmetric functional of {£}o<s<, With respect the time
reversal transformation R;(£.)y =& _; for 0 <s <t. This means that,
denoting x; = X;(£.), where X,(-) is F;:=o0(&; 0 <s <t)-measurable,
we have X, (R;(£.))=—X;(E.)=—x;.

Since the & process is autonomous, we have that £y, when restricted to
function of the form f(x, &)= f (&), coincides with L for any f e D(Ly).
The conditions T-3 and T-4 are automatically satisfied in all examples we
are interested. We recall that, in the stationary state induced by p, the pro-
cess & = R;(§.); is Markovian with the generator L.

T-5

There exists a vector valued function y* = (yf,...,v¥7) with ¥ €
L%(w), p=1,...,d (the mean backward velocity) with null p-average,
such that

X, (9= / PHENdT+ MY, 0<s<1, 4.8)
0

where (M;)ogs<: 1S @ square integrable vector valued martingale with
respect to the filtration of the process (§;)ogs<: satisfying My =0.

Observe that X; (9 =—x;.
Let us define U,(x)=x,, p=1,...,d. By (4.6) and (4.7) we have

Yy =LoU,, Op.q =LoUpUy) —U,L0U,; — Uy LoUp. 4.9)

Observe that the above functions do not depend on x.



On Mobility and Einstein Relation for Tracers 427

Thanks to hypothesis SG), there exists a unique zero mean solution
Xp € L%(1) to the equation

—Loxp=1vp . (4.10)

Using (4.9) and the stationarity of u, we can compute the covariance
matrix of x; in the stationary state u as

T
EM (xp,T xq,T) = E[l |:f0 (SOUpUq)(xrast)dt]

T
= T/ep,q d/H-/(; E, (Up(x)¥q (&) + Uy (x)¥p (&) dt.
@.11)

Now by assumptions T-4 and T-5 we have

E//. (Up(xr)wq (%—t))

t
—E, (Up (X, E) Wy () = — /O B (V5609 &)) ds

t
_/0 (W;a QSWq)LZ(H) ds. (412)

We have then that the asymptotic covariance matrix exists and is
given by

o1
»P4 ZZIl)ngo ;Eu (xXp.i Xq.1) :/ (Qp,q —YyXg— W;Xp) du. (4.13)

We are now ready for introducing the perturbed process obtained
by the action of an external constant force. The way to do that is not
always evident in such a general context. A natural assumption is that the
path measure Q® obtained by such perturbation is absolutely continuous,
locally in time, with respect to the original measure. This suggest to define
the path measure Q@ by the Radon—Nikodym derivative with respect to
the measure Q© associated to the Markov process generated by £o. This
is given by the following Girsanov formula

o™ r
01| —exp { alier) — / UG (e ) (xy ) ds |, (4.14)
de)O) Fr

n 0

where Up(x)=1-x and 1=(¢;,...,¢5) €S9 ! is a fixed direction.
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It follows that Q@ is the path measure of a Markov process
x® £ with generator (cf. e.g. ref. 8, Appendix 1)

LoH(x, &) =e N 23N H) (x,8) — e N0 (H Ly(e*)) (x, &), (4.15)

A standard argument, by approximating U; by bounded functions, will
make sense of (4.14) and (4.15). We decompose then £, as

Lo =Lo+a,. (4.16)

Let us add some further assumptions.

T-6 When applied to functions H(x,&)=H(§), £,H does not depend on
x and it coincides with the operator

Lo="Lo+aA,. (4.17)

In the typical examples, T-6 is a consequence of some properties of trans-
lation invariance of the dynamics.

It follows from condition T-6 that, as in the unperturbed case, ,(“)
is an autonomous Markov process. Formally expanding 4, in o« we have

AgH(E) = Lo(Ui1H)(x,§) —D1(x)(LoH)(§) —HE) Y (§) 1+ O (a; x, §)
= Lo(1H)(0,8) —H(E) Y (§) 14 Onl(e; §), (4.18)

where H depending only on & belongs to C and Og(a; &) :=0n(x;0,§).

T-7 We assume that 4, satisfies condition SC) (cf. subsection 4.2) and
that [ Op(a;§)du(E) — 0 as « — 0. Under this perturbed dynamics
the position of the tracer is given by

t
x@ = / Y (E@, a)ds + M@, (4.19)
0

where ¥ (&, a) =15, @), ..., Ya(§, @) and ¥p(§, ) :=LaUp(§) and

(M[(“)) is a square integrable martingale with respect to the natural
filtration of the process (ét(a) )i>0 satisfying Mé“) =0.
Expanding ¢ (&, «) with respect to o one obtains

d
VpE ) =Yp+a Y 0,,E), +a0,E @), |o|<1, p=1,....d. (420)
q=1
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T-8 We assume that [ O,(§, a)du(§) -0 as o — 0.

By Theorem 4.1 the asymptotic velocity can be computed and it
equals

()
o= lim = f VE @) fuE)duE). 4.21)

By the expansions (4.5) and (4.20) we have

d
vp(a) =« (Z/ep,qeqdm/l/f,,g{“) d,u) +o(a)
q=1
d
=« Zfep,qzqdu—/x,,ﬁogi‘”du tola).  (4.22)
q=1

Recall that ngfo‘) —A%1, hence

—[xpﬁégia)du = /Aaxpdu

d
4.18
( = )Zeq (/ EO(UqXp)dM_/XpI//qdﬂ)v
gq=1
+0y, ().
By a similar computation as in (4.12) we have

d
/So(qup)(O,E)du(S) =E“:0Eu (Ug ) xp (&)

d

== 1o B (UK€ &)

4.8
e RAACY RO (4.23)

SO we obtain

a—>0

d
Up(ia) Z /(ep,q - w;Xp —Ygxp)dp

d
Ze 2”+ZE [ Wiy~ vixan. (4.24)



430 Komorowski and Olla

We deduce that a necessary condition for the Einstein relation to hold
is that

/w;qu,u,:/wqxpdu, Vp,g=1,...,d. (4.25)

For example, if u is reversible, ¥* =1, and the above equation is auto-
matically satisfied.

Example 4.2. Tugged particle in interacting Brownian motions with
creation-annihilation of particles. This example is basically the continuous
version of the model we have studied in Section 2. The configuration space
of the position of the particles is here given by

2:= {a) cR?:card(wN A) < oo for all bounded subset A of Rd} .

Given we, a point x ew and heR?, we define
o™= @\ () U (x+h)

as the configuration w where the point x has been changed to x +h. The
derivative of a function f(w) with respect to a point x € w is defined as

0o, [ (@) =1im 7 (f (@) = f ().

Let V be a finite range stable smooth pair potential, then the formal
Hamiltonian is given by

H(w)= Z Vix—y).

{x,y}Cw
The dynamics is given by the Markov process on 2 generated by
L=Lb+18,
where

L' fw)=Y Py o, f(w)

Xew
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and

L8 f(@)=)_ D; f(w) +z/e‘ﬂDx+H(“’)Djf(w) dx

Xew

with
Dy f(w)= f(w\{x}) — f(w) D} f(®)= fwU{x}) — f(w).

The Gibbs grand canonical measure with temperature ~! and activ-
ity z is reversible for this dynamics. It follows by the results in ref. 2 that,
in a certain range of values for z and B, there is a spectral gap of this
generator. Then one can consider a tagged particle not subject to the Gla-
uber dynamics, and, by applying the method of the present paper, prove
the Einstein relation for it. Since this is a quite straightforward extension
of what we have done in the previous sections, we omit the details.

Example 4.3. The Einstein relation for a massless tracer particle. Let
£2 be a compact Polish metric space equipped with a group of Borel mea-
surable transformations 7, : 2 — §2, x e R?. Let u be a Borel probability
measure on £2 of which we assume that U* F(5) := F(1,n), x € R? defines
a Co-group of isometries on any L”(u) for p €[l,+00). Let us denote
by C™(£2) the space consisting of those elements f € C(£2), for which
x> f(tyn) possesses m bounded derivatives at x =0 that belong to C(£2).
Let Df =(D1f,...,Dgsf) be the corresponding differentiation operator,
defined as

S (The,m) — ()

=1,...,d.
7 p

Dp f(m) —%lg})
Suppose that ((¢));>0 is an £2-valued continuous trajectory Markov pro-
cess with transition probability semigroup (Pt) 10" We assume that the
dynamics of the process (w(f));>0 commutes with the shift transforma-
tions, i.e. PITU* =U*P!, for all t >0, x e RY. We also assume that there
exists a translation invariant measure u on §2 such that is stationary and
ergodic for P’. We suppose also that L, the L?(u)-generator of the semi-
group, satisfies the spectral gap condition —(Lf, ) 2(,) = Aol f ||%2 w for a

certain Ao >0, for all feD(L)NLE(w).
Let [ap 4] be a d x d matrix valued function on € such that there
exists >0 and for all ceR?

A leP < Zap,qcpcq <A, |c|2=c%+ e +c5. (4.26)
P.q
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We assume that a € C3(£2). Let (x;),>0 be the diffusion on R?, given by
the stochastic differential equation

dx; =0 (1,0 @)dw(t) + Y (ty, w(t))dt, (4.27)

where w(-) = (wi(-),...,wyg(-)) is a standard d-dimensional Brownian
motion (independent of (w(#));>0), 0 =+/a*, where a* is the symmetric
part of the matrix a, and

Yg=) Dpapq. (4.28)
p

We define the process & :=1,,w(t), t >0. It is standard to show that
measure y is stationary and ergodic for this process and its L2(u) gener-
ator equals

1
Lof =5 DplapgDyf)+Lf
pr.q

for feC:=C?(£2)ND(L). In addition, C is a core of the generator. The
generator satisfies the spectral gap condition w.r.t. measure w. Since in this
case the position of the tracer is not measurable w.r.t. the natural filtration
of (&),>0 we use relation (1.5) to define the backward mean velocity with
E, denoting the path measure corresponding to ((x;,&;)) with the initial
distribution 8§y ® u. After a straightforward calculation it turns out that the
backward mean velocity is equal to Y7=>_, Dpag, . So, if a is symmetric,
we have ¥*=1.

Let us fix 1=(¢y,...,£7) €S? !, « eR. The argument carried out in
Section 4 leads us to determine that the perturbation operator is given by

Aaf =) a; tpDgf
p.q

for all feC. It is not difficult to check that the assumptions made in Sec-
tion 4 are satisfied.
The position of the tracer in the perturbed system is then given by

dx{® = (a @’ (T o)l + w(rx;ww)) di +0(r wo®)dw().  (4.29)

If a 1s symmetric and p is reversible, since ¥* =1, the Einstein relation is
verified.
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Using the above model we can also give an example of a non-revers-
ible system that satisfies the Einstein relation. Let n>2 be a fixed integer
and §2:=T7/=, where T, is a two dimensional torus, that we identify with
R?/27?* and = is the equivalence relation between the n-tuples that differ
only by the permutation of coordinates. We let 7, : 2 — £2, x € R? be given
by tu(x1,..., %) == (1 +x,...,x, +x) with o = (x1,...,x,) (+ is the
addition modulo 2). Here DF(w)=)"_, Vy,F(w) for any periodic, sym-
metric C'-smooth function F. The process w(t) is defined by the evolution
of vortices whose positions are described by n independent two dimen-
sional Brownian motions interacting via a skew-gradient of a smooth
potential. More specifically we let @ : T, — R be a certain C2-smooth func-
tion and let V1@ := (P, —3;®). We let w(r) = (x| (1), ..., x,(t)), where

dxi(1) =Y VIO (1) — x;(0))dt +dwi (1), i=1,....n
j=1

and wy(¢), ..., w,(¢) are n independent, standard, two dimensional Brown-
ian motions. The generator of w(¢) is given by

1 n n
LF(@)=3 ZafiF(w) + Z V4o (x; —xj)- Vy, F(o)
i=1 i,j=1

for any F € C»(T%) that is symmetric. It is easy to see that the probability
measure dm, induced on £ by the 2n-dimensional Lebesgue measure is
invariant under (w(t));>o and for any F having m, zero average we have

n
2 2
—(LF, F) 24y =1/2> fg O F) dmy 2V IF 1172,
i=1

where the constant y >0 is independent of n and F. The invariant mea-
sure is however non-reversible under the vortex dynamics, for

] n n
L*F@):EZafiF(w)— > VIO —x)) Vi F(w), FeCy(T}). (4.30)
i=1 i,j=1

Let r(w) :=—w. Define now a, 4, p,g=1,2 to be even functions on £2, i.e.
ap.q(r(w))=apq4(w) for all w that satisfy (4.26) (then obviously ¥ (r(w)) =
— ¥ (w), cf. (4.28)). Let R:L?>— L? be given by RF(w):= F(r(w)). It can
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easily be verified that Ry = —y, R*=R and RL=L*R. To check (4.25)
note that

(Yq, Xp)LZ(mn) = —(RYy. Xp)LZ(mn) =(RLyxq, Xp)LZ(mn)
= (L*RXq, XP)LZ(mn) = (Xq, RLXp)LZ(mn)
= _(Xq’ pr)LZ(m’l)=(Xq, wP)Lz(mn)’ P,q=1,2

so (4.25) holds (recall that ¥* =1 in this case) thus the Einstein relation
is satisfied in this case. This example can be easily generalized to an evo-
lution of a system consisting of a random number of vortices on T, with
the initial distribution given by a Poisson measure. Further generalization
could be also possible by considering an infinite system of vortices in R?
with the creation and annihilation process analogous to the one presented
in Example 4.2.
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